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Abstract
Transition radiation from relativistic electrons is investigated in an ultrasonic superlattice
excited in a finite thickness plate. In the quasi-classical approximation formulae are derived
for the vector potential of the electromagnetic field and for the spectral-angular distribution
of the radiation intensity. The acoustic waves generate new resonance peaks in the spectral
and angular distribution of the radiation intensity. The heights of the peaks can be tuned
by choosing the parameters of the acoustic wave.
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1 Introduction
Transition radiation is produced when a relativistic particle traverses an inhomogeneous medium.
Such radiation has a number of remarkable properties and at present it has found many impor-
tant applications. In particular, optical transition radiation from metallic targets is widely used
for the measurement of transverse size, divergence and energy of electron and proton beams (see,
e.g. [1] and references therein). The intensity of the transition radiation can be increased consid-
erably by using the interference effects in periodic structures (for a review see Refs. [2]-[7]). From
the point of view of controlling the parameters of the high-energy electromagnetic processes in
a medium, it is of interest to investigate the influence of external fields, such as acoustic waves,
temperature gradient etc., on the corresponding characteristics. The considerations of concrete
processes, such as diffraction radiation [8], parametric X-radiation [9], channeling radiation [10],
electron-positron pair creation by high-energy photons [11], bremsstrahlung of high-energy elec-
trons [12], have shown that the external fields can essentially change the angular-frequency
characteristics of the radiation intensities. Recently there has been broad interest in compact
crystalline undulators with periodically deformed crystallographic planes as an efficient source
of high energy photons [13] (for a review with a more complete list of references see [14]). In
Ref. [15] we have considered the X-ray transition radiation from ultrarelativistic electrons in
an ultrasonic superlattice excited in fused quartz plate. The radiation from a charged particle
for a semi-infinite laminated medium has been recently discussed in [16]. The present paper
deals with the optical transition radiation from relativistic electrons in a plate in presence of
ultrasonic vibrations.
1
The paper is organized as follows. In the next section we evaluate the vector potential for the
electromagnetic field in the quasi-classical approximation. The radiation intensity is investigated
in section 3. Special cases of the general formula are considered. In section 4 we present the
results of the numerical evaluation of the radiation intensity for the case of a plate made of fused
quartz. The main results of the paper are summarized in section 5.
2 Electromagnetic field
Consider the transition radiation emerging in the forward direction when a charge e (electron)
moving with constant velocity v = vnz enters normally into a plate whose surfaces coincide with
planes z = −l and z = 0. We assume that longitudinal ultrasonic vibrations are excited in the
plate along the normal to its surface (along the axis z), that form a superlattice. The dielectric
permittivity inside the plate we shall take in the form
ε (z) = ε0 +∆ε cos (ksz + ωst+ ϕ) , (1)
for −l 6 z 6 0. In (1), ωs, ks are the cyclic frequency and the wave number of the ultrasound, ϕ
is the initial phase. Under the condition νsl/v ≪ 1, with νs = ωs/(2pi), during the transit time
of the electron the dielectric constant in the superlattice is not notably changed. For relativistic
electrons and for the plate thickness l . 1 cm this leads to the constraint νs ≪ 1011 Hz. In the
discussion below we shall assume that the plate is immersed in a homogeneous medium with
dielectric permittivity ε1.
We are interested in the radiation with frequencies ω satisfying the condition ω ≫ ksc. The
presence of small parameter ksc/ω allows one to use the quasi-classical approximation for the
evaluation of the radiation field. It is natural that in this case the plate boundaries z = −l and
z = 0 must be sufficiently smooth. This condition is assumed to be observed [2] because the
transition radiation on these boundaries is formed in a zone with macroscopic length. For the
current density one has the expression
j = evδ (x) δ (y) δ (z − z (t))nz, z (t) = −l + v (t− t0) . (2)
In the Lorentz gauge, the vector potential of the electromagnetic field can be written asA = Anz.
This condition determines the radiation polarization. The magnetic field is perpendicular to the
plane containing nz and the photon wave vector.
In the quasi-classical approximation the Fourier component of the radiation field,
A(k⊥, ω, z) =
∫ +∞
−∞
A (r,t) ei(ωt−k1x−k2y)
dxdy
(2pi)3
, k⊥ = (k1, k2), (3)
in the region z > 0 is determined by the expression [2]
A (k⊥, ω, z) =
ieV
4pi2c
√
ε (z)
k3 (z)
∫ +∞
−∞
exp
[
iωt+ i
∫ z
z(t)
k3(z
′)dz′
]
dt√
k3(z (t))ε(z (t))
. (4)
In formula (4) we have
k3(z) =
{
k
(1)
3 , z < −l, z > 0,
k
(0)
3 + aks cos (ksz + ϕ1) , −l < z < 0,
(5)
and ϕ1 = ωst0 + ϕ. We have assumed that ∆ε is sufficiently small and the notations
k
(j)
3 =
√
ω2εj/c2 − k2⊥, j = 0, 1, a =
ω2∆ε
2c2ksk
(0)
3
, (6)
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are introduced. Note that a ∼ λs∆ε/λ, where λs is the wavelength of the acoustic wave and λ
is the wavelength of the radiated photon.
By using (5) and the relation
eia sin τ =
+∞∑
m=−∞
Jm (a) e
imτ , (7)
where Jm is the Bessel function of the first kind, after the integration for the vector potential
in the region z > 0 one finds
A(k⊥, ω, z) =
ie
2pi2c
√
ε1
k
(1)
3
exp[iω(t0 + l/v) + ik
(1)
3 z]
×

e
ia sin(ϕ1)√
k
(0)
3 ε0
+∞∑
m=−∞
Jm(a)e
−il(ω/v−k
(0)
3m)/2−imϕ1
sin[l(ω/v − k(0)3m)/2]
ω/v − k(0)3m
+
eiφ1/2 sin(φ1/2) − eiφ1−il(ω/v−k
(1)
3 )/2 sin[l(ω/v − k(1)3 )/2]√
k
(1)
3 ε1(ω/v − k(1)3 )

 . (8)
Here we have used the notations
k
(0)
3m = k
(0)
3 +mks,
φ1 = (k
(0)
3 − k(1)3 )l + a [sin (ϕ1) + sin (ksl − ϕ1)] . (9)
The corresponding expressions for the electric and magnetic fields are found by using the stan-
dard formulae of electrodynamics.
3 Radiation intensity
Expression (8) may be used in calculations of the radiation intensity in the region z > 0. We
shall denote by θ the angle between the momentum of the radiated photon and the axis z. The
energy radiated during the electron transit time in the range of frequencies dω and angles dθ is
determined by the relation [2]
I (ω, θ) dωdθ = (2pi)3
ε
3/2
1 ω
4
c3
sin3 θ cos2 θ |A(k⊥, ω, z ≫ l)|2 dωdθ, (10)
where k⊥ = (ω
√
ε1/c) sin θ. For the beam of relativistic electrons the expression I (ω, θ) should
be averaged over the phase ϕ1 of particle flight into the plate. After this procedure, for the
spectral-angular density of the radiated energy in the angular region sin θ <
√
ε0/ε1 we find
I (ω, θ) =
2e2β21
pic
√
ε1
sin3 θ
+∞∑
m=−∞
J2m
(
ω∆ε
2cks
√
ε0 − ε1 sin2 θ
)
× sin2[ lω
2v
(1− β1
√
ε0/ε1 − sin2 θ +mksv/ω)]
×
[√
ε1/ε0(cos θ/
√
ε0/ε1 − sin2 θ)1/2
1− β1
√
ε0/ε1 − sin2 θ +mksv/ω
− 1
1− β1 cos θ
]2
, (11)
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where β1 = v
√
ε1/c and ε0, ε1 are functions of ω. Note that for relativistic electrons in this
formula we have ksv/ω ≈ λ/λs. For a given value of the radiation wavelength λ = 2pic/ω, the
peaks θ = θm(λ) in the angular distribution of the radiation intensity are determined from the
equation
sin2 θm(λ) =
ε0
ε1
− 1
ε1
(
c
v
+m
λ
λs
)2
. (12)
The width of these peaks is of the order (c/v +mλ/λs)λ/[l sin(2θm)]. For the radiation inside
the plate the angular peaks in the radiation intensity are located at the outgoing photon angles
θ = θ
(0)
m (λ) = arccos[(c/v +mλ/λs)/
√
ε0]. After the refraction on the boundary at z = 0, the
corresponding outgoing angle for the radiation in the region z > 0 is determined by the relation
sin θ =
√
ε0/ε1 sin[θ
(0)
m (λ)] which coincides with θm(λ) defined by (12).
The location of the peaks does not depend on the amplitude of the acoustic wave. The
amplitude determines the heights of the peaks. The corresponding dependence is described by
the Bessel functions in (11). Under the assumption λ/λs ≪ 1, made above, at the peaks of
the radiation corresponding to (12) the argument of the Bessel functions is approximately equal
∆ελs/(2λ). Hence, for given values of λ, λs, and m, the dependence of the peaks heights on
the acoustic wave amplitude is described by the function J2m(∆ελs/(2λ)). In particular, the
maximum height of the peak is obtained for the amplitude of the acoustic wave corresponding
to ∆ε ≈ 2xmλ/λs, where x = xm corresponds to the maximum of the function J2m(x). For
m = 0, 1, 2 one has xm = 0, 1.84, 3.05, respectively. From the well-known properties of the
Bessel functions it follows that the height of the central peak corresponding to m = 0 decreases
with increasing ∆ε in the range 0 6 ∆ε 6 4.76λ/λs. The heights of the peaks generated by the
acoustic wave increase with increasing ∆ε in the range 0 6 ∆ε 6 3.68λ/λs and 0 6 ∆ε 6 6.1λ/λs
for m = 1 and m = 2 respectively. These features of the dependence of the radiation intensity
on the acoustic wave amplitude will be illustrated below by a numerical example.
Let us consider special cases of formula (11). For X-ray transition radiation one has ε0 =
1 − ω2pl/ω2 and formula (11) with ε1 = 1 is reduced to the one derived in Ref. [15]. In the
absence of the acoustic wave we have ∆ε = 0 and (11) takes the form
I0 (ω, θ) =
2e2β21
pic
√
ε1
sin3 θ sin2[
lω
2v
(1− β1
√
ε0/ε1 − sin2 θ)]
×
[√
ε1/ε0(cos θ/
√
ε0/ε1 − sin2 θ)1/2
1− β1
√
ε0/ε1 − sin2 θ
− 1
1− β1 cos θ
]2
. (13)
For a given ω the location of the peaks in the angular distribution of the radiation intensity is
determined from the relation sin2 θ = ε0/ε1−β−21 . It is of interest to note that the ongoing photon
angle inside the plate corresponding to this θ is equal to the Cherenkov angle for the material of
the plate: sin θ =
√
ε1/ε0 sin θC, where cos θC = c/(v
√
ε0). As we see, for the appearance of the
peaks in the forward direction we need to have the condition c2/v2 6 ε0 6 ε1+c
2/v2. Otherwise,
Cherenkov radiation emitted inside the plate will be reflected from the boundary. Formula (13)
gives the quasi-classical approximation for the radiation intensity emitted by a charge flying
into a dielectric plate in the direction of normal to its surface. The exact expression for the
radiation intensity in this problem is given by Pafomov formula [17] (see also Refs. [2]-[7]). A
detailed consideration of optical transition radiation described by Pafomov formula is recently
given in Ref. [18]. In this paper, in discussing the transition radiation in a dielectric plate, as
a transparent material is taken glass. Numerical results based on Pafomov formula are given
for the refractive index n = 1.5. For this value of the refractive index Cherenkov radiation
emitted in the plate is completely reflected from the boundary (see the condition given above).
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For a transparent material in the over-threshold case and under the condition lω/(2v) ≫ 1
the dominant contribution comes from the term in Pafomov formula with the resonant factor
sin2[lωx/(2v)]/x2, where x = 1 − β1
√
ε0/ε1 − sin2 θ. Now, for simplicity considering the case
ε1 = 1, it can be seen that for a relativistic particle with 1−v/c≪ 1 the radiation intensity near
the Cherenkov peaks, corresponding to sin θ =
√
ε0 − c2/v2, is well approximated by formula
(13) (we have checked this both analytically and numerically (see below) for fused quartz with
the dispersion law given in the next section).
The Cherenkov peaks coincide with the m = 0 peaks in the presence of the acoustic wave. As
it follows from (11), the height of the peaks is reduced by the factor J20 (a). For the parameters
of the acoustic wave taken in accordance with a = j0,s, s = 1, 2, . . ., where z = j0,s are the
zeros of the function J0(z), the corresponding radiation intensity vanishes. In the absence of
acoustic waves the frequency range in which the peaks appear is determined by the condition
ε0 6 ε1 + (c/v)
2. When the acoustic waves are present the corresponding condition takes the
form ε0 6 ε1+(c/v+mλ/λs)
2. The latter condition is less restrictive. In particular, we can have
a situation when in the absence of the acoustic waves there are no peaks in a given frequency
range and they appear in the presence of acoustic waves. Examples for this type of situation
will be given below.
In the limit l → ∞, by using the formula limx→∞ sin2 αx/x = piα2δ(α), for the spectral-
angular density of the radiation energy per unit length we find
I∞ (ω, θ) = lim
l→∞
I (ω, θ) /l =
e2ε
3/2
1 ω
2
2c3ε0
+∞∑
m=−∞
J2m
(
ω∆ε
2cks
√
ε0 − ε1 sin2 θ
)
× sin
3 θ cos θ√
ε0/ε1 − sin2 θ
δ
(
ω
2v
(1− β1
√
ε0/ε1 − sin2 θ) + 1
2
mks
)
. (14)
As we see, in this case the radiation for a given θ has discrete spectrum determined by the
relation
ω =
−mksv
1− β1
√
ε0/ε1 − sin2 θ
. (15)
This relation directly follows from the periodicity properties of the problem. The spectral
distribution of the radiation intensity is obtained from (14) by the integration over θ and in the
case ε1 = ε0 coincides with the result given in [2].
In the discussion above we have assumed that the particle moves with constant velocity
along the direction perpendicular to the plate. In reality the particle trajectory will be affected
by the interaction with atoms of medium (multiple scattering). It is known (see, for example,
[2]) that the multiple scattering does not suppress the X-ray transition radiation. Moreover,
it leads to the widening of the frequency range. An exact treatment for the influence of the
multiple scattering on the intensity of radiation in the problem under consideration requires a
separate consideration. We expect that the multiple scattering will result in the broadening of
the radiation angular distribution for the peaks described above. By taking into account that
the change in the medium density induced by acoustic wave is small, in the first approximation
we can estimate this broadening by using the corresponding results for Cherenkov radiation in a
homogeneous medium given in Ref. [19]. In this way, for the ratio of the angular broadening due
to the multiple scattering to the angular width of the peaks estimated above we find ≈ lσ1/(piε0),
where σ1 is defined by the mean squared angle of multiple scattering per unit length of the
particle trajectory. Note that the characteristics of the peaks discussed above are determined
by the relative velocity v/c and for v/c ≈ 1 they are relatively unsensitive to the energy of the
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particle, whereas the parameter σ1 is decreasing with increasing energy. Hence, by increasing the
particle energy we can reduce the relative role of the effects related to the multiple scattering.
4 Numerical evaluation
Here we are interested in the optical transition radiation. For the numerical evaluation of the
radiation intensity the material of the plate should be specified. We assume that the plate
is made of fused quartz. For the dielectric permittivity of fused quartz we use the Sellmeier
dispersion formula
ε0 = 1 +
3∑
i=1
aiλ
2
λ2 − l2i
(16)
where a1 = 0.6961663, a2 = 0.4079426, a3 = 0.8974794, l1 = 0.0684043, l2 = 0.1162414,
l3 = 9.896161, and λ is the wavelength of the radiation measured in micrometers. Formula
(16) well describes the dispersion properties of fused quartz in the range 0.2µm 6 λ 6 6.7µm.
Note that in this spectral region fused quartz is very weakly absorbing. For fused quartz the
velocity of longitudinal ultrasonic vibrations is ωs/ks ≈ 5.6 × 105 cm/s. In figures below we
have plotted the spectral-angular density of the radiation intensity, I(ω, θ)/~, for the energy of
electrons equal to 2 MeV and for the plate thickness l = 0.5 cm. For the oscillation amplitude
we have taken the value ∆n/n0 = 0.05, where n0 is the number of electrons per unit volume for
fused quartz.
As it is seen from the graphs given below the presence of the acoustic wave leads to the
appearance of new peaks in both angular and spectral distributions of the radiation intensity.
The height of the peaks can be tuned by choosing the parameters of the acoustic wave. In
particular, the peak in the radiation intensity which is present in the absence of the acoustic
wave is reduced by the factor J20 (a), where a is the argument of the Bessel function in (11). This
peak can be completely removed by taking the parameters of the acoustic wave in such a way to
have a = j0,s, s = 1, 2, 3, . . ., where z = j0,s are the zeroes of the function J0(z). In a similar way
other peaks can be suppressed by tuning the acoustic wave parameters. The graphs in figure
1 (full curves) are plotted for the frequency of acoustic wave νs = 5 MHz. The dashed curves
correspond to the radiation intensity in the absence of the acoustic wave. The left/right panel
presents the angular/spectral distribution of the radiation intensity for a given frequency/angle.
The parameters are chosen in a way to suppress the peak in the absence of the acoustic wave.
An example when the central peak is reduced partially is presented in figure 2. In order to
illustrate the dependence of the radiation intensity on the amplitude of the ultrasonic vibrations,
for this case, in figure 3 we plotted the angular distribution of the radiation intensity for ∆n/n0 =
0.025 (full curve) and ∆n/n0 = 0.075 (dashed curve). As it is seen, the height of the central peak
decreases with increasing amplitude, whereas the heights for the peaks generated by the acoustic
wave increase. This is in agreement with the features described in the previous section. For the
values of the parameters corresponding to figures 2 and 3 we have also evaluated the radiation
intensity near the Cherenkov peak in the absence of acoustic wave by using Pafomov formula.
The corresponding results coincide with those evaluated within the framework of quasi-classical
approximation with the relative accuracy more than 99%.
In figure 4 we illustrate the suppression of the m = ±1 peaks in the case of acoustic wave
with frequency νs = 15 MHz. For the left (right) panel the height of the peak in the absence
of the acoustic wave (dashed curves) is ≈ 9.5 (≈ 11.4). In the absence of acoustic wave and
for the energy of electron > 2 MeV the peaks in the forward direction appear in the range
ω < 9.62×1014. In figure 5 we give an example when there is no peak in the absence of acoustic
wave and the peaks appear when the acoustic wave is excited. The presented graphs correspond
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Figure 1: The angular (left panel) and spectral (right panel) distributions of the radiation
intensity. The dashed curves correspond to the transition radiation when the acoustic wave is
absent. For the left panel ω = 3.03 × 1014 Hz and for the right panel θ = 0.732. The frequency
of the acoustic wave is equal to 5 MHz.
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Figure 2: The same as in figure 1 for ω = 2.8 × 1014 Hz (left panel) and for θ = 0.54 (right
panel).
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Figure 3: The same as in figure 2 for the amplitudes of acoustic wave corresponding to ∆n/n0 =
0.025 (full curve) and ∆n/n0 = 0.075 (dashed curve).
to the frequencies of acoustic wave 100 MHz and 150 MHz and to the frequency of the radiation
ω = 1 × 1015 Hz. Note that for all presented examples we have λ ≪ λs and the condition for
the validity of the quasi-classical approximation is satisfied.
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Figure 4: The same as in figure 1 for ω = 7.246 × 1014 Hz (left panel) and for θ = 1.36 (right
panel). The frequency of the acoustic wave is equal to 15 MHz.
5 Conclusion
In the present paper we have investigated the transition radiation from an electron in a plate in
the presence of acoustic waves. In the quasi-classical approximation we have derived formulae
for the electromagnetic field and the radiation intensity in the forward direction. The spectral-
angular density of the radiated energy is given by formula (11). The numerical examples are
given for a plate of fused quartz. These results show that the acoustic waves allow to control the
parameters of the radiation. In particular, new resonance peaks appear in the spectral-angular
distribution of the radiation intensity. The height of the peaks can be tuned by choosing the
8
Νs = 150 MHz
Νs = 100 MHz
1.24 1.26 1.28 1.30 1.32
0
1
2
3
4
5
Θ
10
-
3 I
HΩ
,
Θ
L
Ñ
Figure 5: The angular distribution of the radiation intensity for ω = 1×1015 Hz. The frequency
of the acoustic wave is equal to 100 MHz and 150 MHz.
parameters of the acoustic wave.
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